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In this paper the structure of a geometry of type 
o- 
x X x 
is determined in detail. It is proved that a connected geometry of this type is a 
building if there is a nonincident point-plane pair. In the course of the analysis a 
typical application of representation theory in the study of finite geometries is 
presented. For the proof several properties of galleries in finite geometries of type M 
are required. 0 1985 Academic Press, Inc. 
1. ON THE NUMBER OF GALLERIES 
We use throughout the paper the notation and terminology of [3-51. 
Let M be a Coxeter diagram over the set Z= { 1,2,..., n> and let 
G = (Qsz,, L?2,..., Sz,; J) be a finite regular geometry with parameters qi 2 2, 
i E Z having M as a diagram in the sense of Buekenhout-Tits [ 11. Thus, for 
i, Jo Z and i # j, the residue of any flag of type I- {i, jj is a generalized 
M( i, j)-gon. 
We assume also that the geometry is connected, this means that every 
two chambers are connected by a gallery (cf. [4]). 
Let W= (ri, TV,..., r,) be the corresponding Coxeter group and let 
H= (cT~, (TV,..., a,) be the Hecke algebra of the geometry defined over a 
field k of characteristic zero. 
For each word o = I, z2 . . ‘.. i, in the free monoid F over the set Z, the 
elements rw and 6, are defined by 
ro=ri,rh.‘.r,, and (T, = CL. . . oi*rJ;, . 
It is immediate that rorr =ror and @OCR= o‘rw for o, T in F. With the 
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notation in [S, 3.11 we consider the word p(i, j) = . . .jiji. . .ji of length 
M(i, j) and we obtain the following relations 
rf= 1, 
rp(i.j) = rp(i.r) for all i,j,i#j 
and 
O?=qjl + (ql- 1) Cit 
bp(i,i) = dp(l,i) for all i, j, i # j. 
If o and r are homotopic words, we write o N z. By (1) and (2), 
(1) 
(2) 
grn = 0, if 021~. (3) 
Given any word w, there is a natural way of associating a bilinear form on 
the standard module V of the Hecke algebra with it, which is of value for 
the counting of galleries of type CD. We define the bilinear form [ , 1, by 
setting, for f, g E V, 
where ( , ) is the ordinary bilinear form on the standard module (cf. [4]); 
and we define the o-norm of .f to be 
It follows at once that 
cf, gl,= cf, sl,, Ilfll., = llfll, if 0 = z. (4) 
A useful notation is that of a (A, Z-)-gallery of two chambers A and r, 
which by definition is a simple gallery with origin A and extremity r. A 
(A, A )-gallery is called a A-gallery. 
In the following we identify the chamber A with the element xd of the 
standard basis of V (cf. [4]). 
LEMMA 5. Let A and r be two chambers and let w  be a word. Then 
[A, r], is the number of (A, r)-galleries of type w. In particular, we have 
[A, riw20. 
Proof We argue by induction on the length 1 = l(w) of the word o. 
Obviously we may assume o = it, ieZ and l(z) B 1. Since ow= (T,c~, we 
have 
[A, r], = (~,d, r) = (0,0,d, z-1 = 1 (6,z z-j= 1 [E, r],. 
A 73 AT9 
ON FINITEGEOMETRIESOFTYPE i?, 211 
By induction, [8, ZJ, is the number of (E, Qgalleries of type z. Hence 
[A> rl, is the number of (A, r)-galleries of type w  and the lemma is 
proved. 
Since the chambers of G form a normal orthogonal basis of the standard 
module, it follows that 
d(c,) = c llAll,> (6) 
where 4 is the standard character of the Hecke algebra. As an immediate 
consequence, we obtain the following result. 
LEMMA 7. For any word co, we have $(a,,) 3 0. The equation &a,) = 0 is 
equivalent to ]/All, = 0 for all chambers A. 
Let o be a word. We say that the geometry is w-homogeneous if the 
number 11 AlI w of A-galleries of type o does not depend on A. This means 
that the w-norm is constant on the standard basis. Moreover, if G is 
o-homogeneous for all words o in F, we say that G is homogeneous. In 
view of the relations (2) clearly G is homogeneous if and only if G is 
w-homogeneous for all reduced words (0 in F. 
We can now prove 
LEMMA 8. Let w be a reduced word which is not homotopic to a word of 
the form izi, t E F and assume the following: For every i in I there exists a 
pair of words 5,, 52 such that 
(1) o=iz,-T,i, 
(2) G is T,-homogeneous, j = 1,2, 
(3) JlAlj,, = IlAlI,, for a chamber A. 
Then G is w-homogeneous. 
Proof We remark that under the hypothesis of the lemma, w  is a 
reduced word of longest length, so that the Coxeter group must be finite. 
Let r be a chamber and iE Z. Using (4) and the relation (2) we obtain 
llrll iw = llrll iirl = Cgiirl r2 f 1 
= (fJ,,(TJ, r) = (q,fJfl-, I-) 
= (Or*(qi l+ (Si - l) Oil f9 f, 
=qi(arlr3 r, + (qj- l)(O,,ojfy r, 
= 9i II rll 71 + (4i - l) II rll irl 
~4iIlrll~~+~4i~1~IIrll~~~ 
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On the other hand, as 02:rzi, the number of r-galleries of type z’o is the 
same as the number of r-galleries of type ir,i. We denote the set of all such 
galleries by ‘$I. Obviously any element of 2I assumes the form 
T;A- ..‘,-r. (1) 
Therefore we can decompose ‘3 into the disjoint union of subsets ‘?I,, A;T 
in such a way that any element of 91z, takes the form mentioned in (1). In 
particular, I’%,( is the number of (A, r)-galleries of type z,i. Let 
(2) 
be such a gallery. Clearly there are l(All., = IJAll,, distinct galleries of this 
type satisfying A = A*. For any (A, r)-gallery 6 with A #A* let 6 be the 
A-gallery 
s=A- ... -A* ;A. 
type ‘2 
The map sending 6 to 6 sets up a one to one correspondence between the 
remaining (A, r)-galleries of type r,i and the A-galleries of type r,i satisfy- 
ing A* # r. Thus the number of remaining galleries in ‘3, is II A(1 r2i - ad, 
where ad is the number of r-galleries of type iz, assuming the form 
r; zr. 
But then 
and we get 
= Asr /IAll,,+ 1 IlAll,,,- llrlli,, 
AI-I- 
=~ilI~ll,,+ c llAll.,,- llrllir~~ 
A;r 
Because llrll., = Ilrll,,, the two equations imply that 
4iIirii,+ iimr,= C li41,, 
A<= I- 
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hence 
(3) 
where A,?T and 6 = iz,. 
To obtain further information we consider the word 6 instead of o. 
Since rjr,, = r, = rr2rr it follows that 
rr,rj= rci, = rirr2. 
We wish to show that z1 iz iz,. For this it is sufficient to show that the 
words r1 i and iz, are reduced. Suppose otherwise that these conditions are 
not satisfied. Then by known properties of Coxeter groups 
z=p,i or z2 = ip2 
for suitable words pi, pz. Thus we obtain w  N ip, i or o i4: ip2 i, contrary to 
our assumption. We have therefore proved that the words r1 i and iz, are 
homotopic. Equation (3) now implies that 
q,/lrll,a+ lI~ll,,=s,ll~II,,+ IMu, (4) 
for f,: A, using here the fact that & = ir, N w. From (3) and (4) we have 
immediately 
(d-1) ll~ll,=b+U Ml, 
Since qi 2 2, this implies that 
lIrll,= IIAII, if A,? IY 
In other words, the o-norm is constant on the equivalence classes of the 
equivalence relation 9. But the geometry (6 is connected, whence the 
lemma is proved. 
We now come to the key of this paper, namely the complete control over 
A-galleries in connected geometries of type 
-9 ql>qz32 (B,) 
Yl 41 42 
to enable us to apply representation theory. 
LEMMA 9. Let G be a connected geometry of type B, and let w  be a 
reduced word such that 
r. 4 Z( W). 
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Then we have 
ProoJ: Suppose the contrary and let VI be the set of all counterexamples 
of minimal length m. Obviously, we have m > 1. 
Let us show that in fact 6 6 m 6 8. By (6) for each w  E ‘$I there exists a 
chamber d such that IJd I(,,, # 0. In particular, there is a d-gallery of type o. 
Since we are assuming that w  is reduced, we conclude that the multiplicity 
with which o contains i E ( 1, 2, 3 > is at least two, whence we have 6 < m. 
Because Y, $ Z( IV), it is evident from the structure of the Coxeter group W 
that m 6 8. Next we define a map cp: ‘?I + 2I by means of 
cp(i, 4 . ..i.)=i,...i,,i,. 
To verify that cp is a permutation of ‘$I, it suffices to prove that for each 
o E 2I the word q(o) is reduced. Suppose that this is false, and let o = it be 
a reduced word in % such that q(w) = ri is not reduced. Since z is reduced, 
we can choose a word p such that 7 N pi. Taking traces gives 
d(fJo) = d(a,,) = 4(0,,;) = 4(v,d 
=9(0paf)=4i4(gp) + (4,- 1 1 4t”poi) 
= w!wJ,) + tqi- 1) &a,). 
But we know that rp, rr $ Z( W) and that p, 7 $2I. Therefore it is impossible 
to have b(~,~) # 0, and we have shown that cp is a permutation of 2I. As an 
application of this result, we easily deduce the existence of a counterexam- 
ple 0 = i, i2 . . . i, satisfying i, = 1, iz = 3, and i, = 2. 
Suppose that m = 6. Because the multiplicity with which o contains 
in { 1, 2, 3) is at least two, we obtain 
Q N 132132. 
Then 
w  2: 312132 ~321232 = 7. 
which at once implies that q(7) is not reduced. Thus m = 7 or m = 8. 
Assume first that m = 7. Since w  is reduced, we have i, = 2 and i, = 2. Now 
212 2: 121 so that i, = 3. We obtain 
OJ = 1323212. 
But this shows that q(w) is not reduced. 
Finally we turn to the case m = 8. By known properties of the Coxeter 
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group W there exists an element i E { 1,2, 3) such that io N oi is reduced. 
But then it is impossible to have i, = 1, i, = 3 and i, = 2. The proof of 
Lemma 9 is completed. 
THEOREM 10. A finite connected geometry of type B, is homogeneous. 
Proof Let (6 be a finite connected geometry of type B,. By Lemmas 9 
and 7 we have (1 A j/W = 0 for each reduced word o satisfying r. 4 Z( W). We 
have lZ( W)l = 2, and therefore we must show that G is w-homogeneous 
for a reduced word w  of longest length. But this follows at once from 
Lemma 8. 
2. REPRESENTATIONS 
Throughout this section, G = (Q,, Q,, Sz,; J) denotes a finite connected 
geometry of type - ,q>,2. Y 4 4 
The structure of the Hecke algebra cannot be characterized by means of 
generators and relations, suitable for character calculations. To be effective 
we must weaken the structure of the Hecke algebra by introducing a cover 
A over the field k with generators C,, C,, and JYj, and defining relations 
,E;=q.l+(q-l)ci, i = 1, 2, 3, 
c,c,z, =C,C,~*, 
w*&)* = (&~2)21 
C,C3 =CJ,. 
(11) 
It follows at once from the definition that the standard module V of the 
Hecke algebra becomes a completely reducible left A-module in a natural 
way. 
One easily checks that with the substitution zi++ q, i = 1,2, 3, the 
relations (11) will be verified. Thus we obtain the following result: 
LEMMA 12. The algebra A admits a one-dimensinal representation 
ind: A + k with ind(C,) = q, i= 1,2, 3. 
For each reduced element w  = ri,riz . . . ri, in the Coxeter group W, let 
A(w) = c, . . . ci2c,. 
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By well-known properties of Coxeter groups, this definition makes sense. 
We define a bilinear form on the dual space A* by the formula 
and we obtain the known orthogonality relations (cf. [3]): 
LEMMA 14. Let cp, x be the characters of two irreducible non-isomorphic 
A-modules. Then [ cp, x] = 0. 
Thus if q is the character afforded by an irreducible A-module L we have 
Cd, cpl = m,oC% cpl, (15) 
where mrp is the multiplicity of L in a direct decomposition of the standard 
module into irreducible submodules. 
One verities easily that 
[ind, ind] = p(q), (16) 
where p(T)=(l + T)‘(l + T+ T2)(1 + T2)(l + T3) is the Poincart 
polynomial of the Coxeter group. 
For our purposes in the next section, we need the reflection represen- 
tation: 
LEMMA 16. The algebra A admits a three-dimensional irreducible 
representation 5 with 
l-1 -1 0 
S(C,)= 0 4 0 
t 0 0 4 
4 0 0 
-4 -1 -1 
0 0 4 
If rp denotes the character of this representation then we have 
(i) C~ rp]=6(qt1)2(q3+1) and 
7 
9 
(ii) 4Wwd) = -W, 
where w0 is the uniquely determined element of longest length. 
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Proof. For the proof, we assume familiarity with the paper [2], where 
the notion of reflection representation for a generic ring is introduced. 
Let T be an indeterminate over k and let R be the polynomial ring k[ T]. 
Then there exists an algebra A(T) over R, with basis (a,1 WE IV}, and a 
multiplication satisfying 
a WI, 9 l(wri)> l(w) 
Ta,,+ (T- 1) a,,,, l(wr,) < l(w). 
(*I 
Thus the algebra A is the specialized algebra for the specialization f: T + q. 
The reflection representation g(T) of A(T) is defined over R and the 
specialization T + q yields the irreducible representation 3. Now let G(U) 
be a connected geometry of type 
Let cpv be the character afforded by the reflection representation. Since the 
reflection representation is defined over R, we conclude that 
where h E R is a polynomial of bounded degree. It follows from (15) that 
Ch vu1 @ =m,,WJ)~ (18) 
where q5u is the corresponding standard character. Now assume that G(U) 
is a building. In this case we have, using [3], that 
Cdm CPU1 =4,(1).3, 
[$u, indl =4u(1)=mindP(W 
(19) 
But we know that win,, = 1; and now it follows at once that 
c4m (PC/I = 3P(U). 
On the other hand, by [2], we have 
(20) 
m 
U(U3- l)(V+ 1) 
‘PO= 2(U-1) . 
Now combining (18), (20), and (21), we obtain the formula 
h(U)=6U8(1+U)*(1+U3), 
(21) 
(22) 
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where U is an arbitrary prime power. Thus 
h(T)=6T8(1 + T)2 (1 + T3) 
and we see that 
hence (i) is proved. 
We now show that q(A(w,)) = -3q6. Clearly our assumption implies 
that WOE Z(W). But then (*) yields that ,4(w,) is in the center of A. By the 
irreducibility of the reflection representation it follows that 
S(~(wo)) = EE, E E k, (23) 
assuming for a moment that k is an algebraically closed field. Since 
det(zi) = -q2 and l(w,) = 9, we have 
det g(A(w,) = - q18. 
One checks directly that E = - q6p, p3 = 1, hence 
rp(~(%)) = -%@. 
But as cp(A(w,)) E Q, p = 1, and this completes the proof. 
3. THE MAIN THEOREM 
Keeping the notation of the preceding section, let G = (Q,, Q2, 52,; J) be 
a connected geometry of type 
-3 q 3 2. 
4 Y 4 
If c is the number of chambers of 6, then 
lQ,l(1+q)2(1+q2)=c, 
IQ3I(1+4)u+4+4*)=c~ 
(23) 
Because 1 + q + q2 is relatively prime to (1 + q)2 (1 + q2), one obtains 
(1 +912 (1 +q2)(l +4+q2)lc. (24) 
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.In Section 2 we established the following result 
$(Nl))=c 
W(w)) = 0 if w$Z(W) (25) 
4(4wo)) = EC? 
where a = IId II,,, for some chamber A and a reduced word w  of length 
l(o) = 9. Thus if x is the character afforded by an irreducible A-module we 
have 
~(l)c+x(n(woL=m [x x]. 
q9 x ’ 
(26) 
The important point about (26) is that m, or [x, x] can be evaluated in a 
different way. This is especially true when x = ind, in which case the follow- 
ing lemma shows that mind = 1. 
LEMMA 27. We have mind = 1. 
Proof. Let W= {gE VliZig=qg, i= 1,2, 3). Clearly W is a subspace 
of V and we wish to show that dim, W= 1. 
The function 1, given by 
z(A) = 1, 
is an element of W. It follows that dim, W 3 1. On the other hand, if g E W, 
we have 
9&f I= vi g)(A ) 
= FA g(n 
hence 
(9+l)g(A)= c gu7, i-= A 
and therefore we conclude g(d) = g(T) provided that A =i r, i = 1, 2, 3. 
Since G is connected, this forces g E (2). Thus dim, W= 1, as required. 
But then by (16) we have 
c+ctc=p(q) 
Now, using (24), we obtain 
l+aIl+q3, c I P(4). (28) 
582a.39,2-8 
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We now prove that CI = 0 (mod q*). Indeed, using Lemma 16 and (26), we 
conclude that 
3c-3E=m, 6(1 + d* (1 + q3) 
q3 4 . 
Then it is immediate that 
cq3 -ca=2m,q2(1 +q)2 (1 +q3). 
But for c we have (q2, c) = 1 by (28). Thus 
4* I Lx (29) 
Now combining (28) and (29), we verify easily the following result. 
LEMMA 30. We have cr=O or cc=q3. 
We can now prove the main theorem. 
THEOREM. Let G be a connected geometry of type 
and assume that there is a nonincident point-plane pair. Then G is a building. 
Proof: We claim, first of all, that a = 0. Suppose, by way of contradic- 
tion, that c( = q3. Using the fact c( 1 + CX) = p(q), we obtain 
c=(1+q)*(1+q2)(1+q+q7. 
It follows at once from Eq. (23) that 
IQ,1 = 1 +q+q*. 
However, since there is a nonincident point-plane pair, this is clearly 
impossible. Thus we have c = p(q), hence 
c= 1 ind(A(w)) = 1 q’(“‘). 
H’E w M’E w 
We conclude now the following property: 
(P) If two reduced words o and r are the types of two simple 
galleries with common origin and common extremity, then rw = rr. 
By Theorem 2 of [S] it follows that G is a building. 
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